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AMBROSE-SINGER THEOREM ON DIFFEOLOGICAL BUNDLES
AND COMPLETE INTEGRABILITY OF THE KP EQUATION
JEAN-PIERRE MAGNOT
Abstract. In this paper, we start from an extension of the notion of ho-
lonomy on diffeological bundles, reformulate the notion of regular Lie group
or Frölicher Lie groups, state an Ambrose-Singer theorem that enlarges the
one stated in [15], and conclude with a differential geometric treatment of
KP hierarchy. The examples of Lie groups that are studied are principally
those obtained by enlarging some graded Frölicher (Lie) algebras such as for-
mal q−series of the quantum algebra of pseudo-differential operators. These
deformations can be defined for classical pseudo-differential operators but they
are used here on formal pseudo-differential operators in order to get a differ-
ential geometric framework to deal with the KP hierarchy that is known to be
completely integrable in the sense of Frobenius. Here, we get an integration of
the Zakharov-Shabat connection form by means of smooth sections of a (dif-
ferential geometric) bundle with structure group some groups of q−deformed
operators. The integration obtained by Mulase [16], and the key tools he
developped, are totally recovered on the germs of the smooth maps of our
construction.
The tool coming from (classical) differential geometry used in this con-
struction is the holonomy group, on which we have an Ambrose-Singer-like
theorem: the Lie algebra is spanned by the curvature elements. This result is
proved for any connection a diffeological principal bundle with structure group
a regular Frölicher Lie group. The case of a (classical) Lie group modelled on
a complete locally convex topological vector space is also recovered and the
work developped in [14, 15] is completed.
MSC (2010) : 58B25; 58Z05; 37K10; 37K25; 37K30
Keywords : KP hierarchy; holonomy; Ambrose-Singer theorem; Infinite dimensional Lie
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Introduction
The aim of this paper is to give some new results of integration of horizontal lifts
of paths on a diffeological bundle that can be applied to integration of systems or
hierarchies of equations that cannot be expressed in the standard framework of Lie
groups, such as the KP hierarchy.
For this, we have to develop the same tools on a wider category: the category
of diffeological spaces. This category, described first by Souriau (see e.g. [20]), is
very easy to use on infinite catersian products but carries intrinsic theoretical am-
biguities. For example, even for compact manifolds, there exists many diffeologies
underlying the same manifold structure, see e.g. section 1.4. This is why we felt
the need in [14] to compare it to the notion of Frölicher space [4], which appears
to complete the first one (this idea has been more recently developped in [23], in
a more theoretical approach). This framework seems to us very useful to study
infinite systems of equations, and we show that it enables one to use fully justi-
fied differential geometric tools ( here, an Ambrose-Singer theorem) in the context
of the Kadomtsev-Petviashvili hierarchy already discussed by Mulase [16, 18] in a
more algebraic way.
For this,
- We first end the study begun in [14, 15] on the Ambrose-Singer like theorems
that one can state out of the settings of finite dimensional manifolds. We began
in [15] by stating an Ambrose-Singer theorem for a class of infinite dimensional
principal bundles, addressing also open questions on the mathematical structure
of the holonomy groups constructed. In this work, completed in [14], the most
natural frameworks are not manifolds but weaker frameworks such as diffeological
or Frölicher spaces. The starting point of [15] was a Lie theorem stated by Robart
[21] for a wide class of Lie algebras, which helped us to circumvent the lack of easy-
to-use Frobenius theorem on integrable distributions. The approach is here slightly
changed. The objects considered here are as general as possible: diffeological or
Frölicher spaces. Infinite dimensional manifolds appear as particular cases. The
notion of connection is constructed step by step, using an “integrated” notion of
connections on diffeological bundles from the “infinitesimal” approach of Iglesias [7].
This approach is adapted here to define path-liftings, a generalization of horizontal
lifts of paths in section 2 which enables us to define holonomy groups. Connection
forms are the infinitesimal aspect of G−invariant path-liftings. This leads us to a
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classification of diffeological structure of a Frölicher space which is less subtle that
the one described in [23] and initiated by Iglesias [8] (but sufficient for our purpose),
a Lie theorem for Frölicher Lie subalgebras (Theorem 1.18) and the definition of
regular Frölicher Lie groups with regular Lie algebra which is directly derived from
on the approach of Leslie [12] for analogous notions on diffeological groups. These
notions are applied to very easy examples: generalized Lie groups defined by Omori
in [19] (Proposition 1.21), and "graded" Frölicher algebras A that appear to be
enlargeable into regular Frölicher Lie groups (Theorem 1.22). All these results are
technical tools which allows the machinery of [15] to work in the desired settings:
we can build a second holonomy group, noted Hred, which is the smaller in a certain
class to which we can apply the theorem of reduction of the structure group 4.2. We
have in this setting the following Ambrose-Singer theorem: the Lie algebra of Hred
is the regular Lie algebra spanned by the curvature elements, that is the smaller
regular Lie algebra which contains the curvature elements.
- Secondly, an easy application of the Ambrose-Singer theorem is the construction
of smooth sections of principal bundles with contractible basis via flat connections.
We apply this procedure to deal with the complete integrability of the Kadomtsev-
Petviashvili equation (or KP equation for short) which is known to be an equation
equivalent to a 0−currvature condition on the so-called Zhakharov-Shabat connec-
tion (See e.g. [16, 22] for a standard description). The variables the hierarchy
are (t1, t2, ...) so that the base of this principal bundle is the (algebraic) k−vector
space ⊕n∈N∗ktn, which can be viewed as a Frölicher space. The integration of this
equation has been (algebraically) given by Mulase [16] in the context of formal
power series with an infinite number of variables, using various results given by
other authors and a so-called Birkhoff decomposition on groups of formal power se-
ries. These groups of formal series are understood as formal expressions for global
sections of a principal bundle. We show here that the KP hierarchy is equivalent
to another hierarchy (one should say q−deformed hierarchy, but we have to say
that its seems to have no straightforward correspondence with a problem related
to deformation quantization), which has an analogous 0-curvature condition. The
structure groups of the bundles considered are regular. These are groups given as
examples of regular Frölicher Lie groups in section 1, namely groups obtained from
algebras of formal pseudo-differential operators. This enables us to fully apply the
Ambrose-Singer theorem announced before, and recover a Birkoff-type decompo-
sition by this way. This decomposition fits with the one described by Mulase by
taking the germs of the smooth sections we obtained, and setting the deformation
parameter q = 1.
As we said at the beginning of the introduction, we think that such an approach
can be very promising for other equations or hierarchies based on formal series.
The first example that seem similar is the super KP equation [17] and we hope to
be able very soon to give a result on this system of equation.
1. Preliminaries on differentiable structures
The objects of the category of -finite or infinite- dimensional smooth manifolds is
made of topological spaces M equipped with a collection of charts called maximal
atlas that enables one to make differentiable calculus. But for e.g. projective limits
of manifolds or infinite products, a differential calculus is needed where as no atlas
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can be defined. To circumvent this problem which occurs in various frameworks,
several authors have independently developed some ways to define differentiation
without defining charts. We use here three of them. The first one is due to Souriau
[20], the second one is due to Sikorski, and the third one is a setting closer to the
setting of differentiable manifolds is due to Frölicher (see e.g. [2] for an introduction
on these two last notions). In this section, we review some basics on these three
notions.
1.1. Souriau’s diffeological spaces, Sikorski’s differentiable spaces, Frölicher
spaces.
Definition 1.1. Let X be a set.
• A plot of dimension p (or p-plot) on X is a map from an open subset O of Rp to
X .
• A diffeology on X is a set P of plots on X such that, for all p ∈ N,
- any constant map Rp → X is in P ;
- Let I be an arbitrary set; let {fi : Oi → X}i∈I be a family of maps that extend
to a map f :
⋃
i∈I Oi → X . If {fi : Oi → X}i∈I ⊂ P , then f ∈ P .
- (chain rule) Let f ∈ P , defined on O ⊂ Rp. Let q ∈ N, O′ an open subset of
R
q and g a smooth map (in the usual sense) from O′ to O. Then, f ◦ g ∈ P .
• If P is a diffeology X , (X,P) is called diffeological space.
Let (X,P) et (X ′,P ′) be two diffeological spaces, a map f : X → X ′ is differen-
tiable (=smooth) if and only if f ◦ P ⊂ P ′.
Remark. Notice that any diffeological space (X,P) can be endowed with the
weaker topology such that all the maps that are in P are continuous. But we prefer
to mention this only for memory as well as other questions that are not closely
related to our construction, and stay closer to the goals of this paper.
Let us now define the Sikorski’s differential spaces. Let X be a Haussdorf topo-
logical space.
Definition 1.2. • A (Sikorski’s) differential space is a pair (X,F) where F is a
family of maps X → R such that
- the topology of X is the initial topology with respect to F
- for any n ∈ N, for any smooth map ϕ : Rn → R, for any (f1, ..., fn) ∈ Fn,
ϕ ◦ (f1, ..., fn) ∈ F .
• Let (X,F) et (X ′,F ′) be two differential spaces, a map f : X → X ′ is differen-
tiable (=smooth) if and only if F ′ ◦ f ⊂ F .
We now introduce Frölicher spaces.
Definition 1.3. • A Frölicher space is a triple (X,F , C) such that
- C is a set of paths R→ X ,
- A function f : X → R is in F if and only if for any c ∈ C, f ◦ c ∈ C∞(R,R);
- A path c : R → X is in C (i.e. is a contour) if and only if for any f ∈ F ,
f ◦ c ∈ C∞(R,R).
• Let (X,F , C) et (X ′,F ′, C′) be two Frölicher spaces, a map f : X → X ′ is
differentiable (=smooth) if and only if F ′ ◦ f ◦ C ∈ C∞(R,R).
Any family of maps Fg from X to R generate a Frölicher structure (X,F , C),
setting [10]:
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- C = {c : R→ X such that Fg ◦ c ⊂ C∞(R,R)}
- F = {f : X → R such that f ◦ C ⊂ C∞(R,R)}.
One easily see that Fg ⊂ F . This notion will be useful in the sequel to describe
in a simple way a Frölicher structure.
A Frölicher space, as a differential space, carries a natural topology, which is the
pull-back topology of R via F . In the case of a finite dimensional differentiable
manifold, the underlying topology of the Frölicher structure is the same as the
manifold topology. In the infinite dimensional case, these two topologies differ very
often.
In the three previous settings, we call X a differentiable space, omitting the
structure considered. Notice that, in the three previous settings, the sets of differ-
entiable maps between two differentiable spaces satisfy the chain rule. Let us now
compare these three settings: One can see (see e.g. [2]) that we have the following,
given at each step by forgetful functors:
smooth manifold ⇒ Frölicher space ⇒ Sikorski differential space
Moreover, one remarks easily from the definitions that, if f is a map from a
Frölicher space X to a Frölicher space X ′, f is smooth in the sense of Frölicher if
and only if it is smooth in the sense of Sikorski.
One can remark, if X is a Frölicher space, we define a natural diffeology on X
by [14]:
P(F) =
∐
p∈N
{ f p- paramatrization on X ; F◦f ∈ C∞(O,R) (in the usual sense)}.
With this construction, we also get a natural diffeology when X is a Frölicher space.
In this case, one can easily show the following:
Proposition 1.4. [14] Let(X,F , C) and (X ′,F ′, C′) be two Frölicher spaces. A
map f : X → X ′ is smooth in the sense of Frölicher if and only if it is smooth for
the underlying diffeologies.
Thus, we can also state:
smooth manifold ⇒ Frölicher space ⇒ Diffeological space
For a more complete description of the relationship between diffeological spaces
and Frölicher spaces, see [23].
1.2. Push-forward, quotient and trace. We give here only the results that will
be used in the sequel.
Proposition 1.5. [14] Let (X,P) be a diffeological space, and let X ′ be a set. Let
f : X → X ′ be a surjective map. Then, the set
f(P) = {usuch thaturestricts to some maps of the typef ◦ p; p ∈ P}
is a diffeology on X ′, called the push-forward diffeology on X ′ by f .
We have now the tools needed to describe the diffeology on a quotient:
Proposition 1.6. let (X,P) b a diffeological space and R an equivalence relation
on X. Then, there is a natural diffeology on X/R, noted by P/R, defined as the
push-forward diffeology on X/R by the quotient projection X → X/R.
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Given a subset X0 ⊂ X , where X is a Frölicher space or a diffeological space, we
can define on trace structure on X0, induced by X .
• If X is equipped with a diffeology P , we can define a diffeology P0 on X0
setting
P0 = {p ∈ Psuch that the image of p is a subset of X0}.
• If (X,F , C) is a Frölicher space, we take as a generating set of maps Fg on X0
the restrictions of the maps f ∈ F . In that case, the contours (resp. the induced
diffeology) on X0 are the contours (resp. the plots) on X which image is a subset
of X0.
1.3. Cartesian products and projective limits. The category of Sikorski dif-
ferential spaces is not cartesianly closed, see e.g. [2]. This is why we prefer to avoid
the questions related to cartesian products on differential spaces in this text, and
focuse on Frölicher and diffeological spaces, since the cartesian product is a tool
essential for the definition of configuration spaces.
In the case of diffeological spaces, we have the following [20]:
Proposition 1.7. Let (X,P) and (X ′,P ′) be two diffeological spaces. We call
product diffeology on X×X ′ the diffeology P×P ′ made of plots g : O→ X×X ′
that decompose as g = f × f ′, where f : O → X ∈ P and f ′ : O → X ′ ∈ P ′.
Then, in the case of a Frölicher space, we derive very easily, compare with e.g.
[10]:
Proposition 1.8. Let (X,F , C) and (X ′,F ′, C′) be two Frölicher spaces, with natu-
ral diffeologies P and P ′ . There is a natural structure of Frölicher space on X×X ′
which contours C × C′ are the 1-plots of P × P ′.
We can even state the same results in the case of infinite products, in a very
trivial way by taking the cartesian products of the plots or of the contours. Let
us now give the description of what happens for projective limits of Frölicher and
diffeological spaces.
Proposition 1.9. Let Λ be an infinite set of indexes, that can be uncoutable.
• Let {(Xα,Pα)}α∈Λ be a family of diffeological spaces indexed by Λ totally or-
dered for inclusion, with (iβ,α)(α,β)∈Λ2 a family of diffeological maps . If X =⋂
α∈ΛXα, X carries the projective diffeology P which is the pull-back of the dif-
feologies Pα of each Xα via the family of maps (fα)α∈Λ. The diffeology P made of
plots g : O→ X such that, for each α ∈ Λ,
fα ◦ g ∈ Pα.
This is the biggest diffeology for which the maps fα are smooth.
• Let {(Xα,Fα, Cα)}α∈Λ be a family of Frölicher spaces indexed by Λ totally or-
dered for inclusion, with (iβ,α)(α,β)∈Λ2 a family of differentiable maps . with natural
diffeologies Pα. There is a natural structure of Frölicher space X =
⋂
α∈ΛXα, which
contours
C =
⋂
α∈Λ
Cα
are the 1-plots of P =
⋂
α∈Λ Pα. A generating set of functions for this Frölicher
space is the set of maps of the type:⋃
α∈Λ
Fα ◦ fα.
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1.4. Differential forms on a diffeological space and differential dimension.
Definition 1.10. [20] Let (X,P) be a diffeological space and let V be a vector
space equipped with a differentiable structure. A V−valued n−differential form α
on X (noted α ∈ Ωn(X,V )) is a map
α : {p : Op → X} ∈ P 7→ αp ∈ Ω
n(p;V )
such that
• Let x ∈ X. ∀p, p′ ∈ P such that x ∈ Im(p)∩ Im(p′), the forms αp and αp′ are
of the same order n.
• Moreover, let y ∈ Op and y′ ∈ Op′ . If (X1, ..., Xn) are n germs of paths in
Im(p)∩ Im(p′), if there exists two systems of n−vectors (Y1, ..., Yn) ∈ (TyOp)n and
(Y ′1 , ..., Y
′
n) ∈ (Ty′Op′)
n, if p∗(Y1, ..., Yn) = p
′
∗(Y
′
1 , ..., Y
′
n) = (X1, ..., Xn),
αp(Y1, ..., Yn) = αp′(Y
′
1 , ..., Y
′
n).
We note by
Ω(X ;V ) = ⊕n∈NΩ
n(X,V )
the set of V−valued differential forms.
With such a definition, we feel the need to make two remarks for the reader:
• If there does not exist n linearly independent vectors (Y1, ..., Yn) defined as in
the last point of the definition, αp = 0 at y.
• Let (α, p, p′) ∈ Ω(X,V )×P2. If there exists g ∈ C∞(D(p);D(p′)) (in the usual
sense) such that p′ ◦ g = p, then αp = g∗αp′ .
Proposition 1.11. The set P(Ωn(X,V )) made of maps q : x 7→ α(x) from an
open subset Oq of a finite dimensional vector space to Ω
n(X,V ) such that for each
p ∈ P ,
{x 7→ αp(x)} ∈ C
∞(Oq ,Ω
n(Op, V )),
is a diffeology on Ωn(X,V ).
Working on plots of the diffeology, one can define the product and the differen-
tial of differential forms, which have the same properties as the product and the
differential of differential forms.
Definition 1.12. Let (X,P) be a diffeological space.
• (X,P) is finite-dimensional if and only if
∃n0 ∈ N, ∀n ∈ N, n ≥ n0 ⇒ dim(Ω
n(X,R)) = 0.
Then, we set
dim(X,P) = max{n ∈ N|dim(Ωn(X,R)) > 0}.
• If not, (X,P) is called infinite dimensional.
Let us make a few remarks on this definition. If X is a manifold with dim(X) =
n, the natural diffeology as described in section 1.1 (also called “nébuleuse” diffeol-
ogy) is such that
dim(X,P0) = n.
Now, if (X,F , C) is the natural Frölicher structure on X, take P1 generated by the
maps of the type g ◦ c, where c ∈ C and g is a smooth map from an open subset of
a finite dimensional space to R. This is an easy exercise to show that
dim(X,P1) = 1.
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This first point shows that the dimension depends on the diffeology considered.
Now, we remark that F is the set of smooth maps (X,P1)→ R,
This leads to the following definition, since P(F) is clearly the diffeology with
the biggest dimension associated to (X,F , C):
Definition 1.13. The dimension of a Frölicher space (X,F , C) is the dimension
of the diffeologial space (X,P(F)).
1.5. Regular Frölicher groups. Let (G,F , C) be a Fr¨’olicher space which is a
group such that the group law and the inversion map are smooth. These laws are
also smooth for the underlying diffeology. Then, following [12], this is possible as in
the case of manifolds to define a tangent space and a Lie algebra g of G using germs
of smooth maps. Let us precise the algebraic, diffeological and Frölicher structures
of g.
Proposition 1.14. Let g = {∂tc(0); c ∈ C and c(0) = eG} be the space of germs of
paths at eG.
• Let (X,Y ) ∈ g2, X + Y = ∂t(c.d)(0) where c, d ∈ C2, c(0) = d(0) = eG,
X = ∂tc(0) and Y = ∂td(0).
• Let (X, g) ∈ g × G, Adg(X) = ∂t(gcg
−1)(0) where c ∈ C, c(0) = eG, and
X = ∂tc(0).
• Let (X,Y ) ∈ g × G, [X,Y ] = ∂t(Adc(t)Y ) where c ∈ C, c(0) = eG, X =
∂tc(0).
All these operations are smooth and thus well-defined.
The basic properties remain globally the same as in the case of Lie groups, and
the prrofs are similar replacing charts by plots of the underlying diffeologies. Since
the work is already done in [12] in the category of diffeological groups, we refer the
reader to it for details.
Definition 1.15. A Frölicher group G with Lie algebra g is called regular if and
only if there is a smooth map
Exp : C∞([0; 1], g)→ C∞([0, 1], G)
such that g(t) = Exp(v(t)) if and only if g is the unique solution of the differential
equation {
g(0) = e
dg(t)
dt
g(t)−1 = v(t)
We define
exp : g → G
v 7→ exp(v) = g(1)
where g is the image by Exp of the constant path v.
The classical setting for infinite dimensional differential geometry requires the
model topological vector space to be complete or Mac-Key complete. One of the
reasons for this choice is to ensure the existence of the integral of a path over a
compact interval. This means that the choice of an adaquate topology is necessary.
For vector spaces, such a study can be found in [10], when the properties of the so-
called “convenient vector spaces” are given. We have to remark that a vector space
for which addition and scalar multiplication are compatible with a given Frölicher
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structure needs only a topological structure to become a convenient vector space. In
order to circumvent these topological considerations, and adapting the terminology
of regular Lie groups to vector spaces (which are viewed as abelian Lie groups), we
set:
Definition 1.16. Let (V,F , C) be a Frölicher vector space, i.e. a vector space V
equipped with a Fr¨’olicher structure compatible with the vector space addition and
the scalar multiplication. (V,F , C) is regular if there is a smooth map
∫ (.)
0
: C∞([0; 1];V )→ C∞([0; 1], V )
such that
∫ (.)
0
v = u if and only if u is the unique solution of the differential equation
{
u(0) = 0
u′(t) = v(t)
.
This definition is of course fulfilled if V is a complete locally convex topological
vector space, equipped with its natural Frölicher structure.
Definition 1.17. Let G be a Frölicher Lie group with Lie algebra g. Then, G is
regular with regular Lie algebra if both G and g are regular.
Following the terminology used in the early inverstigations on infinite dimen-
sional Lie theory, we say that a regular Lie algebra g is enlargeable if there exists
a Frölicher Lie group G with Lie algebra g.
Theorem 1.18. Let G be a regular Frölicher Lie group with Lie algebra g. Let g1
be a Lie subalgebra of g. Let G1 = Exp(C
∞([0; 1]; g1))(1). If AdG1∪G−11
(g1) = g1,
G1 is a Frölicher subgroup of G.
Proof. G1 is obviously a Frölicher subspace of G. All we need to show is that G1 is
a subgroup of G (algebraically). This is a well-known procedure, found by Robart
[21] to our knowledge:
- If g = Exp(u(.))(1) ∈ G1 and g′ = Exp(v(.))(1) ∈ G1, with u and v smooth
paths that are stationary at the endpoints, gg′ = Exp(Adg(v) ∨ u) ∈ G1.
- If g = Exp(u(.))(1) and g(t) = Exp(u(.))(t), g−1 = Exp(−Adg−1u(.))(1) ∈
G1. 
We call such a subalgebra g1 an Ad−stable Lie subalgebra.
Lemma 1.19. Let g0 be a Lie subalgebra of an enlargeable regular Frölicher Lie
algebra g. Then there exists a Ad−stable regular Frölicher Lie subalgebra g1 ⊂ g,
minimal for inclusion.
Proof. Let E be the set of Ad−stable regular Frölicher Lie subalgebras of g that
contain g0. We have g ∈ E so that E is nonempty. Let I be an index est and
{gi}i∈I ∈ EI . Let Gi = Exp(C∞([0; 1]; gi))(1). The condition AdGi∪G−1i
(gi) = gi is
equivalent toAdGi∪G−1i
(gi) ⊂ gi. So that, if {gi} ∈ EI , ifG′ = Exp(C∞([0; 1];∩i∈Igi))(1),
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we have that
AdG′∪G′−1(∩i∈Igi) ⊂
⋂
i∈I
AdG′∪G′−1(gi)
⊂
⋂
i∈I
AdGi∪G−1i
(gi)
⊂
⋂
i∈I
gi.
Since E is stable for intersection and since g0 is contained in any elent of E, the
set E has an element g1 6= ∅, minimal for inclusion. 
Definition 1.20. with the previous notations, we call g1 the regular Lie algebra
Ad−spanned by g0.
We now turn to the examples, and we feel the need to begin with Omori’s
generalized Lie groups.
Proposition 1.21. Let (Gn)n∈N be a sequence of Banach Lie groups, increasing
for ⊃, and such that the inclusions are Lie group morphisms. Let G =
⋂
n∈NGn.
Then, G is a Frölicher regular Lie group with regular Lie algebra g =
⋂
n∈N gn.
Proof. In this proof, each Lie group Gn is equipped with its natural Frölicher
structure of smooth manifold (Gn,Fn, Cn), with underlying diffeology Pn. The
group G is equipped with the projective Frölicher structure (G,F , C), with underly-
ing diffeology P . Let f, g ∈ P2 and α ∈ Λ. Then, fα ◦ (f.g) = (fα ◦ f).(fα ◦ g) ∈ Pα
and fα◦g−1 = (fα◦g)−1 ∈ Pα. Thus, multiplication and inversion are differentiable
in G, in the sense of diffeologies and hence in the sense of Frölicher. G is a Frölicher
Lie group.
We now look at g, which equals to
⋂
n∈N gn trivially. Then, for each n ∈ N, if Expn
is the exponential on Gn, ∀m < n,Expm ◦Deim,n = Expn since im,n is a morphism
of Lie groups. (in fact, if we want to be rigorous, we need to replace Deim,n by the
map C∞([0; 1]; gn) → C∞([0; 1]; gm) induced by im,n.) Thus,the exponential on G
is smooth. 
Let us now give another class of examples of regular Lie groups.
Theorem 1.22. Let (An)n∈N∗ be a sequence of complete locally convex (Frölicher)
vector spaces which are regular, equipped with a graded smooth multiplication oper-
ation on
⊕
n∈N∗ An, i.e. a multiplication such that An.Am ⊂ An+m, smooth with
respect to the corresponding Frölicher structures. Let us assume that:
Then, the set
1 +A =
{
1 +
∑
n∈N∗
an|∀n ∈ N
∗, an ∈ An
}
is a Frölicher Lie group, with regular Frölicher Lie algebra
A =
{∑
n∈N∗
an|∀n ∈ N
∗, an ∈ An
}
.
Moreover, the exponential map defines a bijection A → 1 +A.
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Notation: for each u ∈ A, we note by [u]n the An-component of u.
Proof. Let us first remark that if u =
∑
n≥n0
an ∈ A with n0 ≥ 1, then the power
uk exists in A for k ∈ N∗ since for each n ∈ N∗, the component [uk]n is a finite sum
of products of length ≤ k. Then, setting
u =
∑
n∈N∗
an,
1 + u ∈ 1 +A has the inverse
(1 + u)−1 = 1 +
∑
k∈N∗
(−1)kuk ∈ 1 +A.
The multiplication is smooth, which shows that the inversion is smooth. The same
way, we can define an exponential
exp(u) = 1 +
∑
k∈N∗
uk
k!
,
a logarithm
log(1 + u) =
∑
k∈N∗
(−1)k+1
k
uk
and fractionnal powers
(1 + u)
1
p = exp
(
log(1 + u)
p
)
.
Now, let us turn to the regular Lie group property. Let v ∈ C∞([0, 1];A). Let
s ∈ [0; 1] and let j = ⌊ns⌋. We define
un(s) =
(
1 +
(
s−
j
n
)
v
(
j
n
)) j∏
i=1
(
1 +
1
n
v
(
j − i
n
))
.
We have that
lim
n→+∞
∂sun(s).u
−1
n (s) = lim
n→+∞
v
(
j
n
)(
1 +
(
s−
j
n
)
v
(
j
n
))−1
= v(s).
Moreover, the Am component of the product converges to a sum if integrals of the
type ∫
1≥s1≥...≥sk≥0
[
k∏
i=1
v(si)
]
m
(ds)k
for k ≤ m, which shows the convergence to a path u satisfying
∂su(s).u
−1(s) = v(s).

Example: application to the representation of a Lie algebra.
We now apply this construction to a representation of a Lie algebra g. For this
we assume that there exists a regular Frölicher algebra A (regular with respect to
the abelian law +) such that g ⊂ A as vector spaces, Frölicher spaces and a Lie
algebras. Let us now give he construction:
12 JEAN-PIERRE MAGNOT
• Let g1 = g and by induction on n ∈ N∗ we define gn+1 = [gn, g]. We set
G =
⊕
n∈N∗ gn.
• Let us fix ∀n ∈ N∗, An = A, and set A = AN
∗
.
Clearly, G ⊂ A and by Theorem 1.22, the algebra A is the Lie algebra of the
regular Lie group 1 +A, so that, if G1 is the Lie subalgebra of A Ad−spanned by
G, G1 is enlargeable into a Lie subgroup of 1 +A.
Example: Formal deformation of the space of pseudo-differential op-
erators of positive order. An exposition of basic facts on pseudo-differential
operators can be found in [5]. Let E be a smooth vector bundle over a compact
manifold without boundary M. We denote by PDO(M,E) ( resp. PDOk(M,E),
resp. Cl(M,E), resp. Clk(M,E)) the space of pseudo-differential operators (resp.
pseudo-differential operators of order k, resp. classical pseudo-differential operators,
resp. classical pseudo-differential operators of order k) acting on smooth sections
of E. We denote by Cl∗(M, IKn), Cl0,∗(M, IKn) the groups of the units of the
algebras Cl(M, IKn) and Cl0(M, IKn). Notice that Cl0,∗(M, IKn) is a CBH Lie
group, and belong to a wider class of such groups that is studied in [6].
We also denote by Cl−(p),∗(M, IKn) the group of invertible pseudo-differential
operators of the type Id + A, where A ∈ Cl−p(M, IKn). Notice that, here, the
notation Cl−(p),∗ could appear misleading. This is why we feel the need to precise
that this is not the groups of the units of a unital algebra: this is only a regular
Lie group, with Lie algebra Cl−p(M, IKn). A well-known fact is the following:
Lemma 1.23. Let v(t) ∈ C∞([0, 1], Cl(M, IKn)) such that the order of v(t) is
positive for some t ∈ [0; 1]. There is no smooth path g(t) ∈ C∞([0, 1], Cl∗(M ;E))
such that ∂tg.g
−1 = v.
Sketch of proof. Assume that there is such an integral curve g. Since v is smooth,
the order of v is positive for some neighborhood of t, but by the topology of
Cl∗(M,E), the order of ∂tg is greater than the order of g only on a finite set. 
In order to be complete, we have to say that particular Lie algebras of pseudo-
differential operators of order 1 are enlargeable into Lie groups of Fourier Integral
operators, see e.g. [19] and the references therein, but there is no known enlarge-
ability for Cl∗(M,E). We propose here a formal deformation of Cl(M,E).
Definition 1.24. Let q be a formal parameter. We define the algebra of formal
series
Clq(M,E) =
{∑
t∈N∗
qkak|∀k ∈ N
∗, ak ∈ Cl
k(M,E)
}
.
This is obviously an algebra, graded by the order (the valuation) into the variable
q. Thus, setting
An = {q
nan|an ∈ Cl
n(M,E)} ,
we can set A = Clq(M,E) and state the followinc consequence of Theorem 1.22:
Corollary 1.25. The group 1 + Clq(M,E) is a regular Frölicher Lie group with
regular Frölicher Lie algebra Clq(M,E).
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We have to say that this result is mostly inspired by the original idea of formal
deformation of formal Adler series in [16, 17, 18] which will be discussed thereafter.
Here is another result needed in the sequel.
Theorem 1.26. Let
i : K → G
and
p : G→ H
such that
1→ K → G→ H → 1
be an exact sequence of Frölicher Lie groups, such that there is a smooth section
s : H → G, and such that the trace diffeology from G on i(K) coindides with
the push-forward diffeology from K to i(K). We consider also the corresponding
sequence of Lie algebras
0→ k→ g→ h→ 0.
Then,
• The Lie algebras k and h are regular if and only if the Lie algebra g is
regular;
• The Frölicher Lie groups K and H are regular if and only if the Frölicher
Lie group G is regular.
Proof.
• At the level of Lie algebras, we set i′ = Dei and p′ = Dep. We have
i′(k) = Ker (s′ ◦ p′)
so that
g ∼ k⊕ h
which proves the first equivalence (through integration componentwise).
• At the level of Lie groups We follow the proof given in [10], section 38.6 in the
case of Lie groups in the convenient setting.
- If G is regular, let Y ∈ C∞(R; h) then there exists y0 ∈ C∞(R, g) such that
∂ty0(t).y0(t)
−1 = s′(Y (t)).
Then,
y(t) = p ◦ y0(t) ∈ C
∞(R, H)
integrates Y. Moreover, let Z ∈ C∞(R, k). then i′(Z) is integrated into a smooth
curve i(z) ∈ C∞(R, i(K)). Since the trace diffeology from G on i(Z) coincides
with the push-forward diffeology from K to i(K), the path z is smooth on K and
integrates Z.
- If H and K are regular, let X ∈ C∞(R, g). Let
Y = p′(X) ∈ C∞(R, h)
and let h ∈ C∞(R, H) integrating Y on H. Let Z ∈ C∞(R, k) such that
i′(Z)(t) = Ads◦h(t)−1
(
X(t)−Dh(t)s (Y (t).h(t)) .(s ◦ h)(t)
−1
)
.
We set k ∈ C∞(R,K) that integrates Z on K and define
g(t) = (s ◦ h)(t).(i ◦ k)(t) ∈ C∞(R, G).
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Then,
∂tg(t).g(t)
−1 = X(t)
which shows that G is regular.
2. Path liftings
2.1. The general setting for path-lifting. Let X and M be two differentiable
spaces, and π : X → M a smooth surjective map. If γ is a path, we set γ−1(t) =
γ(1 − t). We define B(X ;M) the set of couples of the type (γ, x) such that γ is a
smooth path on M and x ∈ π−1(γ(0)). It is a natural (trace) differentiable space.
Definition 2.1. , A path-lifting L : (γ;x) 7→ Lx(γ) is a smooth map from
B(X ;M) to the set of smooth paths on X, which satisfy the following properties :
(i) ∀γ ∈ C∞([0, 1],M), ∀x ∈ π−1(γ(0)),
π ◦ (Lx(γ)) = γ;
(ii) ∀γ ∈ C∞([0, 1],M) such that γ = γ′ ∨ γ′′, ∀x ∈ π−1(γ(0)),
Lx(γ) = LLx(γ′′)(1)(γ
′) ∨ Lx(γ
′′),
(iii) ∀γ ∈ C∞([O, 1],M), ∀g ∈ C∞([0, 1], [0, 1]) such that g is monotone, ∀x ∈
π−1(γ(0)),
Lx(γ ◦ g) = Lx(γ) ◦ g.
(iv) ∀(γ, x) ∈ B(X,M),
Lx(γ
−1 ∨ γ)(1) = Lx(γ)(0) = x.
(v) ∀(γ, x) ∈ B(X,M), Lx(γ)(0) = x.
(vi) Let γ ∈ C∞([0; 1];M).
(∃x ∈ π−1(γ(0)), Lx(γ)(1) = x)⇔ (∀x ∈ π
−1(γ(0)), Lx(γ)(1) = x)
One can recognize here all the basic key properties of the horizontal lift of a
connection on a fiber bundle when the fiber is a compact manifold without boundary
[9]. We need to precise an ambiguity due to the “smooth” setting: the product of
paths is often developed for continuous (and not smooth) paths, because the
condition γ(1) = γ′(0) is not sufficient to get a smooth path γ′ ∨ γ if γ and γ′
are smooth. This is why we need to reparametrize paths into paths which are
stationary at each endpoint. This does not change anything for path lifting (except
the parametrization), because of property (iii). For the details in a context of
connections on principal bundles, see e.g. [14].
We now have to extend the classical construction of the holonomy group of a
connection to the context of path liftings.
Let x ∈ X, m = π(x). We set
L(m,M) = {γ : [0; 1]→M such that γis a loop based at m, stationary at endpoints}
Let LL0 (m;M) = {γ ∈ L(m;M) such that Lx(γ)(1) = x}. Notice that all the
loops of the type γ−1 ∨ γ are in LL0 (m;M) by (iv) of Definition 2.1.
Definition 2.2. For γ, γ′ ∈ L(m;M),
γ ∼ γ′ ⇔ ∃x ∈ π−1(m), Lx(γ)(1) = Lx(γ
′)(1)
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Using (ii) of Definition 2.1, we get immediately:
Proposition 2.3.
γ ∼ γ′ ⇔ (γ′)−1 ∨ γ ∈ LL0 (m;M) .
Using (vi) of Definition 2.1, we see:
Proposition 2.4.
γ ∼ γ′ ⇔ ∀x ∈ π−1(m), Lx(γ)(1) = Lx(γ
′)(1) .
Finally, by (iii) of Definition 2.1, we get the last easy property:
Proposition 2.5. if γ˜ is a reparametrization of γ ∈ L(m;M), γ˜ ∼ γ.
Noticing that this relation is symmetric and transitive, we set
HLx = L(m;M)/ ∼ .
• push-forward of ∨ and of the inversion of paths
First, we notice that,
- if γ ∼ γ′, LLx(γ)(1)(γ
−1)(1) = x = LLx(γ′)(1)(γ
′−1)(1) hence γ−1 ∼ γ′−1.
- if γ ∼ γ′ and δ ∼ δ′, ∀x ∈ π−1(m),
Lx(γ∨δ)(1) = LLx(δ)(1)(γ)(1) = LLx(δ′)(1)(γ)(1) = LLx(δ′)(1)(γ
′)(1) = Lx(γ
′∨δ′)(1).
Hence γ ∨ δ ∼ γ′ ∨ δ′.
• Associativity. Given three loops γ, γ′ and γ′′, γ ∨ (γ′ ∨ γ′′) and (γ ∨ γ′) ∨ γ′′
differ by parametrizations. Hence, γ ∨ (γ′ ∨ γ′′) ∼ (γ ∨ γ′) ∨ γ′′.
We note also by ∨ and −1 the push forward of ∨ and −1 onto HLx . We can now
state, by push-forward of the differentiable structure of L(M,m) :
Theorem 2.6. (HLx ,∨) is a diffeological group, and the inversion
−1 is differen-
tiable.
2.2. Comments and remarks. • Let γ ∈ L(m;M). The map L(.)(γ) is a smooth
map on π−1(m), with smooth inverse L(.)(γ
−1). Then, for fixed m ∈M , L defines
a map L(m;M)→ Diff(π−1(m)), where Diff(π−1(m)) is the group of (diffeolog-
ical) diffeomorphisms of the fiber. Moreover,
Proposition 2.7. Let m ∈M and γ ∈ L(m;M).
L(.)(γ
′ ∨ γ) = L(.)(γ
′) ◦ L(.)(γ),
Proof. Straightforward from ∀γ ∈ C∞([0, 1],M) such that γ = γ′ ∨ γ′′, ∀x ∈
π−1(γ(0)),
Lx(γ) = LLx(γ′′)(1)(γ
′) ∨ Lx(γ
′′) 
Proposition 2.8. Let m ∈M and γ ∈ L(m;M).
L(.)(γ) = Idpi−1(m) ⇔ γ ∈ L
L
0 (m;M)
Proof. Straightforward from: Let γ ∈ C∞([0; 1];M).
(∃x ∈ π−1(γ(0)) such that Lx(γ)(1) = x)⇔ (∀x ∈ π
−1(γ(0)) such that Lx(γ)(1) = x) 
Then, we have:
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Theorem 2.9. Let m ∈M and x ∈ π−1(M). The map L induces a quotient map
HLx → Diff(π
−1(m)).
• Let (P,M,G) be a (classical) finite dimensional principal bundle of basis M and
of structure group G. Any connection on P induces a path-lifting. It seems that
the inverse induction is not elementary, and is not true in general, because the
structure group G (which models the fiber) is viewed here only as a manifold,
without any group structure. Maybe a stronger analysis could give more details on
the correspondence, for example up to homotopy, between general path liftings and
path liftings induced by connections.
• Let (P,M,N) be a finite dimensional fiber bundle of basis M and of typical fiber
N . Then, if Diff(N) is a Lie group, P ×N Diff(N) is a principal bundle and
there is a bijection between fiber bundle connections on (P,M,N) and (classical)
connections on P ×NDiff(N). This bijection is established in e.g. [10] or [9]. But,
if N is not compact, horizontal lifts of paths are not well-defined for an arbitrary
connection, and one has problems to define a holonomy group where as curvature
elements are well-defined. This comes from the definition of horizontal lifts, which
are defined as solutions of a differential equation: γ˜ ∈ C∞([0; 1];P ) is a horizontal
lift of γ ∈ C∞([0; 1];M) if π(γ˜) = γ and if Dγ˜ is horizontal. With such a definition,
it is obvious that two horizontal lifts of a same path γ differ by their starting point,
but also that all starting points are not good to define horizontal lifts for γ when
N is not compact. With our setting, such problems are avoided since only “good”
connections, that is connections for which horizontal lifts exist, are considered.
• When X , a diffeological space, is equipped with a relation of equivalence R,
the quotient space M = X/R (with quotient projection π : X → M) is also a
diffeological space by push-forward of the diffeology of X. Then, our notion of
path-lifting is also valid here, as well as holonomy. In a future work, we shall
precise the role of the condition (vi) on the existence of an isomorphism between
two equivalence classes π−1(m) and π−1(m′) for (m,m′) ∈M2. A counterexample
to invariance of the holonomy group will be developped elsewhere, in the framework
of infinite configuration spaces.
2.3. Homotopy, fundamental group and holonomy of a path-lifting. As
mentioned in [20], the notion of homotopy of paths can be adapted straightway from
the category of topological spaces to the category of diffeological spaces. These two
notions coincide on the subcategory of smooth finite dimensional (paracompact)
manifolds, since smooth or continuous homotopy gives the same equivalence classes
of maps in this restricted class of objects. We also recall that one can adapt straight-
way the definition of arcwise connected components to the setting of diffeological
spaces:
Definition 2.10. Let (X,P) be a diffeological group. Let (x, y) ∈ X2. x and y
are in the same (arcwise) connected component if there is a smooth path γ on X
starting from x and ending on y.
Let us now recall the definitions and the key properties of the homotopy of loops
in the context of diffeological spaces:
Let X be a diffeological space. Let γ and γ′ be two smooth loops on X, based on x.
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• A homotopy between γ and γ′ is a smooth map
H : S1 × [0; 1]→ X
such that H(1, .) = x, H(., 0) = γ and H(., 1) = γ′.
• γ and γ′ are called homotopic if there exists a homotopy between γ and γ′.
• π1(X, x) is the set of connected components of smooth loops. This is the space
of equivalence classes of loops modulo homotopy. If we consider only loops constant
at endpoints, π1(X, x) gets a group structure induced by the composition of paths
∨.
• π1(X, x) can be identified to the set of connected components of L(X, x).
From this last property, with the notations of section 2.1, any path lifting L
induces a (onto) map from π1(M,m) to the connected components of HLx .
Definition 2.11. A path lifting is flat at x ∈ X if the connected components of
HLx are made of singletons.
A path lifting in totally flat at x ∈ X if the set HLx has only one element.
With this definition, we get the following obvious statement:
Proposition 2.12. If L is flat at x, there is a surjective group morphism
π1(M,m)→ H
L
x
induced by the path lifting
L : L(M,m)→ paths starting at x.
3. Diffeological principal bundles with regular (Frölicher) groups
Let P be a diffeological space and let G be a regular Frölicher Lie group, with a
differentiable right-action P × G → P, such that ∀(p, p′, g) ∈ P × P ×G, we have
p.g = p′.g ⇒ p = p′. Let M = P/G, equipped with the quotient diffeology.
Proposition 3.1. Let V be a vector space. G acts smoothly on the right on Ω(P, V )
setting
∀(g, α) ∈ Ωn(P, V )×G, ∀p ∈ P(P ), (g∗α)g.p = αp ◦ (dg
−1)n.
Proof. G acts smoothly on P so that, if p ∈ P(P ), g.p ∈ P(P ). The right action
is now well-defined, and the smoothness is trivial.
Definition 3.2. Let α ∈ Ω(P ; g). The differential form α is right-invariant if and
only if, for each p ∈ P(P ), and for each g ∈ G,
αg.p = Adg−1 ◦ g∗αp.
Let p ∈ P and γ a smooth path in P starting at p.
Definition 3.3. A connection on P is a g−valued 1−form θ, right-invariant, such
that, for each g ∈ g, for any path c : R → G such that
{
c(0) = eG
c′(0) = g
, and for
each p ∈ P,
θ((p.c(t))′t=0) = g.
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Now, let us turn to holonomy. Let p ∈ P and γ a smooth path in P starting
at p, defined on [0; 1]. Let Hγ(t) = γ(t)g(t) where g(t) ∈ C∞([0; 1]; g) is a path
satisfying the differential equation:{
θ ((Hγ(t))′) = 0
Hγ(0) = γ(0)
The first line of the definition is equivalent to the differential equation g−1(t)(g(t))′ =
−θ(γ′(t)), and the second to g(0) = eG, which is integrable. This shows that hor-
izontal lifts are well-defined, as in the case of manifolds. Moreover, the map H(.)
defines trivially a path-lifting. This enables us to consider the holonomy group of
the connection. Notice that a straightforward adaptation of the arguments of [14]
shows that the holonomy group is invariant (up to conjugation) under the choice
of the basepoint p. We note it now H, omitting the basepoint p and the connection
θ in our notations since they are assumed fixed.
4. Curvature and the Lie algebra of the Holonomy group
Now, we assume that dim(P ) ≥ 2. We fix a connection θ on P.
Definition 4.1. Let α ∈ Ω(P ; g) be a G−invariant form. Let ∇α = dα − 12 [θ, α]
be the horizontal derivative of α. We set
Ω = ∇θ
the curvature of θ.
4.1. Reduction of the structure group. We now turn to reduction of the struc-
ture group, adapting a theorem from [15]:
Theorem 4.2. We assume that G1 and G are regular Frölicher groups with regular
Lie algebras g1 and g. Let ρ : G1 7→ G be an injective morphism of Lie groups. If
there exists a connection θ on P , with curvature Ω, such that, for any smooth 1-
parameter family Hct of horizontal paths starting at p, for any smooth vector fields
X,Y in M ,
s, t ∈ [0, 1]2 → ΩHct(s)(X,Y )(4.1)
is a smooth g1-valued map (for the g1− diffeology), and if M is simply connected,
then the structure group G of P reduces to G1, and the connection θ also reduces.
Before giving the proof of this theorem, we need three lemmas, which are well-
known results in finite dimensions (see e.g. [13]). Following [10], if C∞x ([0, 1],M) is
the set of smooth paths on M starting at x, we note
Pt : C∞x ([0, 1],M)× [0, 1]× π
−1(x)) → P
the parallel transport with respect to θ, which is a smooth map. Let us now describe
the skeleton of the proof: the key tools for the definition of the local trivializations
needed to reduce the principal bundle P is given in lemma 4.3, which is inspired
by the computations in [10] in the case of a vanishing curvature and [15] in the
general case. Lemmas 4.4 and 4.5 deal with local description of horizontal lifts.
Finally, in the proof of Theorem 4.2, we define a family of local trivializations of P
using Lemma 4.3, and check that it has the desired properties by Lemmas 4.4 and
4.5. Till the end or the proof of Theorem 4.2, we use the notations defined in the
beginning of this paragraph.
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Lemma 4.3. Let p ∈ P . Let x be the basepoint of p. Let ϕ : U →M ∈ P be a plot
of the diffeology of M with star-shaped domain U , that we identify (for the sake of
simplicity) with a star-shaped neighborhood of 0 in Rn. Let u ∈ U and t ∈ [0, 1].
We define f(u, t) = tu ∈ U .
Let
ψ : U → P
u 7→ Pt(f(u, .), 1, p).
Let
Ψ : U ×G → π−1(U)
(u, g) 7→ ψ(u).g ,
and
Ψ˜ = Ψ ◦ (IdU × ρ).
Then, ψ is a plot of the diffeology of P. Moreover, θ ◦Dψ is a smooth g1-valued
form on U .
We need now to know how horizontal lifts of paths behave in the diffeology of
P, and more precisely in with respect to the structure of G1.
Lemma 4.4. We assume that U is convex.
(i) Given a path α : [0, 1]→ U starting at x, if Hα is its horizintal lift starting at
p, we have Hα(1) ∈ Ψ(U × ρ(G1)), and there exists a smooth path Hα1 : [0, 1] →
U ×G1 such that Hα = Ψ˜ ◦Hα1.
(ii) Let h : [0, 1]2 → U be an homotopy equivalence between two paths h(0, .) and
h(1, .) starting at x and finishing in U . Let Hh(0, .) and Hh(1, .) be their hor-
izontal lifts starting at p. Then, there is g1 ∈ G1 such that Ψ˜−1(Hh(0, 1)) =
Ψ˜−1(Hh(1, 1)).ρ(g1).
Then, the following lemma will be useful when dealing with homotopy:
Lemma 4.5. Let α and β be two paths on U . Let qα ∈ π−1(α(0)) and qβ ∈
π−1(β(0)). Let Hα and Hβ be the horizotal lifts of α and β starting at qα and qβ.
We set Ψ˜−1 ◦Hα = (α, γα) and Ψ−1 ◦Hβ = (β, γβ).
Let g = γ−1β (0).γα(0), with
−1 as the inverse map in G. Then, for any t ∈ [0, 1],
there exists g1(t), g
′
1 ∈ G1 such that γβ(t) = γα(t).g
−1
1 (t).g.g
′
1(t). Moreover, the
maps t 7→ g1(t) and t 7→ g′1(t) are smooth in G1.
Let us now give the proofs of the three lemmas, and then the proof of Theorem 4.2:
Proof of Lemma 4.3:
We already know that Ψ : U ×G→ P is a smooth map, since Pt is smooth.
Let us calculate DΨ−1 ◦ θ ◦Dψ. Let c :]− ǫ, ǫ[→ U be a smooth path such that
c(0) = u ∈ U . Let h(t, s) = f(c(s), t). Let θ˜ be the pull-back of θ by Ψ on U .
Then, following the proof of the claim of [10], theorem 39.2, with a connection
with non vanishing curvature, see e.g. [15], we have:
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∂s(h
∗θ˜)(∂t) = ∂t(h
∗θ˜)(∂s)− d(h
∗θ˜)(∂t, ∂s)− (h
∗θ˜)([∂t, ∂s])
= ∂t(h
∗θ˜)(∂s)− d(h
∗θ˜)(∂t, ∂s)
= ∂t(h
∗θ˜)(∂s) + ad(h∗θ˜)(∂t)((h
∗θ˜)(∂s))− (Ψ
∗Ω)(h∗(∂s), h∗(∂t))
= ∂t(h
∗θ˜)(∂s)− (Ψ
∗Ω)(h∗(∂s), h∗(∂t)) since (h
∗θ˜)(∂t) = 0.
Thus,
∂s(Ψ ◦ ψ ◦ c) = (∂sc(s), ∂sγ˜(1, s)),
remarking that (u, e) = Ψ−1 ◦ ψ(u). We now calculate ∂sγ˜(1, s),
∂sγ˜(1, s) =
∫ 1
0
(
∂s(h
∗θ˜)(∂t)
)
(t)dt
=
∫ 1
0
(
∂t(h
∗θ˜)(∂s)− (Ψ
∗Ω)(h∗(∂s), h∗(∂t))
)
(t)dt
= (h∗θ˜)(∂s)(1, s)−
∫ 1
0
(Ψ∗Ω)(h∗(∂s), h∗(∂t))(t)dt.
Finally, we have:
θ(∂s(ψ ◦ c)) = (h
∗θ˜)(∂sh(1, s), ∂sγ(1, s))(4.2)
=
∫ 1
0
(
Ω(h∗(∂s), h∗(∂t))(t)
)
dt.(4.3)
Since g1 is complete, this integral exists and belongs to g1. 
Proof of the Lemma 4.4:
(i) We have that θ(∂s(ψ ◦ α)) is an integral on the curvature elements (see the
proof of the last lemma). Looking at this result more precisely, reparametrizing
equation (4.3), setting c = α, we have that
θ(∂s(h(s, t))) =
∫ t
0
(
Ω(h∗(∂s), h∗(∂t))(u)
)
du,(4.4)
and hence that
∂t
(
θ(∂s(h(s, t))
)
= Ω(h∗(∂s), h∗(∂t)).
Recall that ρ−1◦Ω(h∗(∂s), h∗(∂t)) is smooth. Integrating this equality in G1 instead
of G, we get a path α1 in U × G1. Then we consider the following differential
equation, that defines Hα1:

Hα1(0) = e
Hα1(t) = (α(t), γ(t)) ∈ U ×G1
Dρ
(
γ(t)−1∂tγ(t)
)
= Ad(ρ◦γ−1)(t)
(
θ ◦DΨ ◦ (Id× ρ)(∂tα1)(t)
)
,
setting Hα = Ψ ◦ (IdU × ρ) ◦Hα1, we get (i).
(ii) comes easily from the continuity of the horizontal lift of paths, using the fact
that U is contractible, and applying (i) to the path
(4.5) c(t) =


Hh(0, 3t) if t ∈ [0, 1/3]
Hh(3t− 1, 1) if t ∈ [1/3, 2/3]
Hh(1, 3− 3t) if t ∈ [2/3, 1].
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
Proof of Lemma 4.5: Reparametrizing Lemma 4.4, (i), we have that, for t ∈ [0, 1],
there exists g1(t), g
′
1(t) ∈ G1 such that γα(t) = γα(0).g1(t) and γβ(t) = γβ(0).g
′
1(t).
Then, we get γβ(t) = γα(t).g
−1
1 (t).g.g
′
1(t). By equation (4.5), we have that the
paths t 7→ g1(t) and t 7→ g′1(t) are smooth paths with values in G1. 
Proof of Theorem 4.2: Let po ∈ P, and let X be a family of paths γx in M ,
indexed by x ∈M, starting at x0 = π(p0) and ending at x. Let X1 =
⋃
x∈M Hγx(1)
and let P1 = X1.ρ(G1). Let δ be an arbitrary path starting at x0, and let x1 = δ(1).
The path γx1 ∨ δ
−1 is null-homotopic since M is simply connected. So that, using
Lemma 4.4, there exists g1 ∈ G1 such that γx1 ∨ δ
−1(1) = p0.ρ(g1). So that δ(1) =
γx1(1).g
−1
1 and π
−1(x1) = p0.G1. Moreover, by Lemma 4.3, the maps ϕ : U → P
are P1−valued. We define a smooth diffeology on P1 which is generated by the
push-forward diffeologies of the subsets of the type Im(ϕ).G1, induced by the maps
(u, g1) ∈ U ×G1 7→ ϕ(u).G1. With this diffeology:
• the inclusion map P1 → P is smooth
• the horizontal lift map α 7→ Hα is a smooth map by trivial application of
Lemma 4.5
• The connection θ restricts to a smooth g1-valued form by Lemma 4.3. This
ends the proof of the reduction theorem, since G1-right invariant trivially. 
4.2. Ambrose-Singer theorem in the Frölicher setting. We can now state the
announced Ambrose-Singer theorem. In this theorem, we review the key results of
this paper:
Theorem 4.6. Let P be a principal bundle of basis M with regular Frölicher struc-
ture group G with regular Lie algebra g. Let θ be a connection on P and L the
associated path-lifting.
(1) For each p ∈ P, the holonomy group HLp is a diffeological subgroup of G,
which does not depend on the choice of p up to conjugation.
(2) There exists a second holonomy group Hred, H ⊂ Hred, which is the smaller
structure group for which there is a subbundle P ′ to which θ reduces. Its
Lie algebra is spanned by the curvature elements, i.e. it is the smallest
integrable Lie algebra which contains the curvature elements.
(3) If G is a Lie group (in the classical sense) of type I or II in the terminology
of Robart [21], there is closed Lie subgroupgroup H¯red (in the classical sense)
such that Hred ⊂ H¯red, whose Lie algebra is the closure in g of the Lie
algebra of Hred, which is the smaller closed Lie subgroup of G among the
structure groups of closed subbundles P¯ ′ of P to which θ reduces.
Proof.
(1) is proved in section 3
(2) Let PH be the set of elements of P that are joint to p by a horizontal path.
PH is obviously a principal bundle with structure group H (or a “structure
quantique” using the terminology of Souriau [20]). Notice that we do not
assume here local trivializations on PH. By Theorem 4.2, for each regular
Frölicher Lie subgroup G1 of G, with Lie algebra g1, if g1 is regular, the
connection θ reduces to the bundle
PH×H G1 = (PH×G1)/H.
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The family G of such Lie groups G1 is not empty since G ∈ G, and it is
obviously filtering for ⊃ . So that G has a minimal element Hred for ⊂ .
By Theorem 1.18, the Lie algebra of Hred is the smaller regular Lie algebra
which contains the curvature elements.
(3) is a straightforward application of the arguments of [15].
5. Application to the KP hierarchy
In the following, R is an algebra of smooth functions over a field k = R or C
which is endowed with a Frölicher structure derived from a Fréchet topology, and
∂ : R → R is a smooth k−linear map that satisfies the Liebnitz rule ∂(fg) =
∂(f)g + f∂(g). We require :
(i) R has a unit element,
(ii) for any f ∈ R, there is g ∈ R such that ∂g = f ,
(iii) R is closed under exponentiation.
5.1. The Lax equation. Let D = R[∂] be the algebra of differential operators,
and let E = R((∂−1)) be the algebra of Adler series, endowed with the product
topologies. In [11], Lax shows that a 1-parameter family {Pt} of E is an isospectral
family if and only if {Pt} satisfies the Lax equation
dPt
dt
= [Q(t), P (t)],
whereQ(t) is a family of differential operators. The problem reduces to the following
(see e.g. [17]):
Let E(−1) be the subalgebra of E made of series of order −1, i.e.
E(−1) = {
+∞∑
n=1
a−n∂
−n|a−n ∈ R}
Then,
E : D ⊕ E(−1),
and any P ∈ E decomposes as a sum P = P++P−, where P+ ∈ D and P− ∈ E(−1).
Let (t1, t2, ...) be a countable family of variables. We define
T =
⊕
n∈N∗
k.ti
the algebraic k− vector space spanned by the variables t1, t2, ... . The Lax equation
reduces to find
L = ∂ + a−1∂
−1 + a−2∂
−2 + ...
where each a−n ∈ R = R[[t1, t2, ....]] = R⊗k T ; R is a the algebra of formal power
series with valuation defined by val(tn) = n, and such that
dL
dtn
= [Ln+, L],
which can be also written as
(5.1) dL = [Z+, L] = [Z−, L],
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where Z =
∑
n∈N L
ndtn, Z+ = (Z)+ and Z− = (−Z)−. Moreover, if we want to
get a family of isospectral deformations (which was the motivation to this setting),
we have also to get the following "0 curvature condition" :
(5.2) dZ+ −
1
2
[Z+, Z+] = 0
which is equivalent to
(5.3) dZ− −
1
2
[Z−, Z−] = 0
As one can easily see, if Z were not depending on L, the last equation would be an
equation of transport on a principal bundle that should be determined. Unfortu-
nately, Z depends on L. In [16], M. Mulase shows how this equation is equivalent
to an equation of transport.
5.2. The Lax equation as a gauge equation. We have here to build up the
principal bundle P of the last proposition, before defining the (flat) connection
that we shall use. Here, and till the end of the paper we replace
R = R[[t1, t2, ...]]
by
R = R
which is possible for the (trace) Frölicher structure induced by the Frölicher struc-
ture on kN. We define
G = {1 + u|u ∈ E(−1)}.
This is a regular Lie group, which is endowed with the product topology [1]. Then,
since
[Ln, L] = 0
we have the same relations as in the last section:
dL
dtn
= [(Ln)+, L]⇔
dL
dtn
= [−(Ln)−, L]
which gives
dL = [Z−, L]
with
Z− =
+∞∑
n=1
−(Ln)−dtn.
Here, Z− is a connection on the principal bundle T × (1 + E(−1)) but also a con-
nection on the vector bundle T × (k∂ ⊕ E(−1)). Since
dL
dtn
=
d(L−)
dtn
,
we get also the 0-curvature condition
dZ− −
1
2
[Z−, Z−] = 0
which gives the following, applying Theorem 4.6:
Proposition 5.1. The equation 5.1 is equivalent to the following:
(5.4) ∃S ∈ C∞(T,G);
{
L = S∂S−1
dS = Z−S
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S is called the gauge operator of L, and we see that one can easily see that
defining L is the same as defining S (up to operators that commute with ∂). Let
us work a little more with this formulation. It gives us the following :
dS.S−1 =
∞∑
n=1
dtn{S.(∂
n).S−1}−
5.3. Lax-type reduction of connections: the Z−−equation. Since T is nat-
urally endowed with a Frölicher structure componentwise, and that G is a regular
Lie group [1] in the ILH class [1, 19]. According to Theorem 4.6, if θ is a flat
connection (i.e. its curvature is null), since π1(T ) = 0, thete is a global section S
of PG = T ×G such that dS.S−1 = θ.
Theorem 5.2. Let θ− be a flat connection 1-form on PG. Then there exists a Lax
operator L such that θ− = Z−.
Proof. Since T is naturally endowed with a Frölicher structure componentwise,
and that G is a regular Lie group [1] in the ILH class [1, 19]. According to Theorem
4.6, if θ− is a flat connection (i.e. its curvature is null), since π1(T ) = 0, there is a
global section S of T ×G such that dS.S−1 = θ. Let
L = S∂S−1.
Then Z− = dS.S
−1 = θ. 
5.4. The total equation, flat connections and the Z+-equation. Now, let us
define
A˜m =


∑
i∈Z,i≤m
qmui∂
i

 .
Here, we could understand q as a formal parameter, but for the full rigor of the
sequen, we need to say that q is a k−variable. Then,
A˜ =
{
∞∑
m=1
am|am ∈ Am
}
and we set
GA = G.(1 +A) =
{
g +
∞∑
m=1
am|g ∈ G ∧ am ∈ Am
}
.
With π : GA → G the projection on the first component, we get that
(1 +A) = Kerπ
so that, we have an exact sequence of Lie groups
1→ (1 +A)→ GA → G→ 1,
and we have the following:
Proposition 5.3. The Frölicher Lie groups G, (1 + A) ans GA are regular with
regular Lie algebra.
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Proof. The Lie group G is regular from [1], the Frölicher Lie group (1 + A) is
regular with regular Lie algebra from Theorem 1.22 and the Frölicher Lie group
GA safisfies the assumptions of Theorem 1.26. 
We consider the flat bundles
P(1+A) = T × (1 +A) and PGA = T ×GA.
We consider a flat connection θ on PGA . Applying Theorem 4.6, we get:
Proposition 5.4. There exits a smooth horizontal section Qθ with respect to θ
such that Qθ|t=0 ∈ G.
Now, we use the projection π : GA → G and its derivative π′ : E(−1)⊕A→ E(−1)
to get that
• The map S = π ◦Qθ : T → G is a smooth section of PG,
• The 1-form θ− = π′ ◦ θ is a flat connection on PG trivially.
Then, to any (flat) connection θ we have a Lax operator L such that
π ◦ θ = Σ∞n=1(L
n)−dtn = Z−.
We build
Zq,+ =
+∞∑
n=1
qn(Ln)+dtn
With this, the equation of the KP hierarchy becomes
dq(qL) = [Zq,+, qL]
with
dq =
+∞∑
n=1
qndtn =
+∞∑
n=1
d(qntn).
We can see here a scaling effect due to the change of variables tn 7→ qntn, passing
from d to dq. Straight way from this, we get that
Zq,+ = S.ωq.S
−1 + dqS.S
−1
with ωq =
∑+∞
n=1 q
n∂n and that
(5.5) dqZq,+ −
1
2
[Zq,+, Zq,+] = 0
which is a 0−curvature condition.
In other words, with the section S obtained in Equation (5.4), we define the
smooth section
S˜(t1, t2, ...) = S(qt1, q
2t2, ...)
and the equation (5.1) is equivalent to
dL˜ = [Zq,+, L˜] = [Zq,−, L˜]
with
Zq,− = dqS.S
−1 = dS˜.S˜−1,
L˜ = qL(qt1, q
2t2, ...) = S˜.q∂.S˜
−1
and
Zq,+ =
+∞∑
n=1
(L˜n)+dtn = S˜.
(
+∞∑
n=1
qn∂n
)
.S˜−1 + dS˜.S˜−1.
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Equation (5.2) is then exactly the same as (5.5) and through the change of variables
announced, we get
dZq,+ −
1
2
[Zq,+, Zq,+] = 0.
Thus, Zq,+ is a A−valued connection with 0−curvature. Then, applying Theorem
4.6, we get
Theorem 5.5. There exists an unique global smooth section Yq of P1+A such that
dYq.Y
−1
q = Zq,+ and Yq(0) = 1.
Finally, we finish with the analog of [16], Theorem 1:
Theorem 5.6. Let Uq = S˜
−1Yq. Then the Lax equation 5.1 of the KP hierarchy is
equivalent to
dUq = ωqUq.
Proof. We have on one hand:
S˜ωqS˜
−1 =
+∞∑
n=1
L˜ndtn
=
+∞∑
n=1
(L˜n)+dtn +
+∞∑
n=1
(L˜n)−dtn
= Zq,+ − dS˜.S˜
−1
= dYq.Y
−1
q − dS˜.S˜
−1
and on the other hand:
dUq = d
(
S˜−1.Yq
)
= −S˜−1dS˜.S˜−1.Yq + S˜
−1dYq
Thus
ωqUq = S˜
−1.
(
dYq.Y
−1
q − dS˜.S˜
−1
)
Yq
= S˜−1dYq − S˜
−1dS˜.S˜−1.Yq
= dUq 
5.5. The Frölicher Lie group of formal sections: last remarks. Now, in the
approach by formal sections, smooth sections of the bundles PG, PGA and P(1+A)
are understood as formal power series (formally analytic functions) in the variables
t1, t2, ... or can be viewed as smooth germs of mappings at t = 0. This last approach
by germs appears to us more adapted with the results of last section, espacially from
the viewpoint of Mulase’s paper [16] where the (formal) power series in (t1, t2...)
are graded with respect to the orders of the monomials tk11 t
k2
2 ... (finite products)
with the valuations val(tn) = n. From the Frölicher Lie group C
∞(T,G) of (true)
smooth sections of the bundle PG, we get the Frölicher Lie group analogous to the
infinite jet space at t = 0 usually noted as “J∞0 (T,G)”. We can rewrite this relation
as val(tn) = val(q
n) at the level of germs of sections and recover the finite sums in
our graded algebra A. This valuation is then no longer algebraic, but is the key tool
to get regular Lie groups (with exponential maps) at the level of sections. Finally,
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we remark that Mulase’s Birkoff decomposition [16] on germs of sections has an
analog on Lie groups of sections on the short exact sequence
1→ (1 +A)→ GA → G→ 1,
and that our analysis of the KP equations shows that we get a section on the bundle
T × (1 +A)+ with the map Yq obtained in Theorem 5.5 .
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